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1. Introduction 

The complex structure of a complex manifold X gives rise to a rich cohomological struc- 
ture; one has the Dolbeault cohomology, the holomorphic de Rham cohomology, and these 
relate in a nontrivial way to the (usual) de Rham cohomology of X. A complex structure 
for X may be regarded as an integrable decomposition 

T x ® C = T x '° © T°' x (1) 

with the condition T]f = T x ' . 

On the other hand one has the notion of Lie algebroid; loosely speaking (the precise 
definition is recalled below), one has a vector bundle morphism a: A — > Tx with a lift of 
the Lie algebra structure on the sections of Tx to a Lie algebra structure on the sections 
of A. One can then think of lifting the decomposition ([1]) as well. In this paper we 
analyze the cohomological theory arising from such a structure. In particular, we consider 
Lie algebroids that are obtained by "matching" - - in a specific technical sense that we 
shall recall in the body of the paper — a holomorphic Lie algebroid srf\ with the complex 
conjugate of another holomorphic Lie algebroid stf^. We call the structure obtained in this 
way a skew-holomorphic Lie algebroid. A particular case of this construction is presented 
in the paper [5], where ^ is assumed to be the holomorphic tangent bundle to X. 

The cohomology theory of skew-holomorphic algebroids turns out to be quite rich. This 
paper is devoted to explore it. After recalling some basic definitions in Section [2j in 
Section [3] we review the notions of representation of a Lie algebroid, of matched pair of Lie 
algebroids, and introduce the new concepts of almost complex structure on a Lie algebroid, 
and of skew-holomorphic Lie algebroid. In Section H] we give our main theorem about the 
cohomological structure of such Lie algebroids, and in the final Section we provide some 
examples, basically related to various holomorphic Poisson cohomologies. 
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hospitality and warm welcome. The second author thanks LPTM of the Cergy-Pontoise 
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Topology" in the Institute of Mathematics, National Academy of Sciences of Ukraine. He 
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2. Preliminaries 

2.1. Lie algebroids. We start by recalling the notions of Lie algebroid and Lie algebroid 
cohomology. Let M be a smooth manifold, Tm its tangent bundle, and let X(M) be the 
space of vector fields on M equipped with the usual Lie bracket [,]. 

Definition 2.1. An algebroid A over M is a vector bundle on M together with a vector 
bundle morphism a: A — > Tm (called the anchor) and a structure of Lie algebra on the 
space of global sections T(A), such that 

(i) a: T(A) — > X(M) is a Lie algebra homomorphism; 

(ii) the following Leibniz rule holds true for every a, (3 G T(A) and every function f : 

{aJ{3} = f{a,{3} + a(a)(f)P 
(we denote by { , } the bracket in T(A) ). 
The Lie algebroid A is said to be transitive if the anchor a is surjective. 

Morphisms between two Lie algebroids (A, a) and (A f , a') on the same base manifold M 
are defined in a natural way, i.e., they are vector bundle morphisms 0: A — >■ A' such that 
the map 0: T(A) — > T(A') is a Lie algebra homomorphism, and the diagram 

<t> 

A A 




Tm 

commutes. 

Example 2.2. An interesting example of a transitive Lie algebroid is the Atiyah algebroid of 
a vector bundle E on M. This is the bundle D{E) of the first-order differential operators 
on E with scalar symbol. The anchor a: D(E) — > Tm is the symbol map. Moreover, 
ker(a) ~ End(E). A 
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To any Lie algebroid A one can associate the cohomology complex (C A ,5), with C' A = 
r(AM*) and differential 5 defined by [I] 

p+i 

(6g)(ai, atp+i) = 5^(-l)* -1 a(ai)(£(ai, . . . , a u . . . , a p+1 )) 
i=i 

+ ^(-l)* +J C({ati, a,}, . . . , on, . . . , &j, . . . , a p+ i) (2) 

i<j 

if £ G C A and a% G r(v4), 1 < i < p + 1. The resulting cohomology is denoted by H'(A) 
and is called the cohomology of the Lie algebroid A. 

A similar definition may given in the case of a complex Lie algebroid, where A is a complex 
vector bundle, and T M is replaced by its complexification T M <g> C. Analogously, one has a 
notion of holomorphic Lie algebroid on a complex manifold X, where A is a holomorphic 
vector bundle (that we shall denote by s£\ Tm is replaced by the holomorphic tangent 
bundle Ox, and one requires that srf has a structure of sheaf of Lie algebras, satisfying a 
suitable Leibniz rule. 

3. Skew-holomorphic Lie algebroids 

We shall need some results on the cohomology of holomorphic Lie algebroids. The 
following theory generalizes the construction given in [6]. Even though we shall not need 
this theory in its full generality, it seems reasonable to expound it in that form. 

Let X be an n-dimensional compact complex manifold. We shall denote by Qx its 
holomorphic tangent bundle and by Tx its tangent bundle when X is regarded as a 2n- 
dimensional smooth differentiable manifold. Q l x will denote the bundle of holomorphic 
i-forms on X. 

3.1. Almost complex Lie algebroids. There is a very natural way of extending the 
notion of almost complex manifold to that of almost complex Lie algebroid (this generalizes 
the notion of almost complex Poisson manifold given in the paper [3], to which we refer 
the reader for examples). Let M be an almost complex manifold, with almost complex 
structure Jm- Tm — > Tm- 

Definition 3.1. An almost complex structure J a on a real Lie algebroid A A Tm is a 
vector bundle endomorphism J \: A — )■ A such that J\ = — id^, and Jm ° a = a o J A . 
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As usual we have a splitting 

A g> C = A 1 ' © A ' 1 
according to the eigenvalues ±i of J A . We shall set 

X p / = A p (A*) lfi ® A q (A*) ^ . 
We set C^' 9 = r(A^' 7 ); the differential of the complex C' A = (§) pq C p A q splits into 

d A = d' A + d A + d A + d' A 



where 



<9 A : C p ' q -> C M+1 , <9^ : C p ' 9 -> C p - 1,9+2 



and the identities 



^ = [^ 5a], d\ = d A ], [d A , d' A ] + [d A , d A ) = 

hold. The differential complex (C A , d A ) admits a (regular) filtration 

F P C k A = C r / . (3) 



r+s — fc 



A straightforward generalization of the analysis performed in [8] shows the following. 

Proposition 3.2. T7ie spectral sequence associated with the filtration ([3]) of the differential 
complex (C A ,d A ) converges to the complexified cohomology of the Lie algebroid A, i.e., to 
the cohomology H'(A) ® C. 

Now let X be an n-dimensional complex manifold. 

Definition 3.3. An almost complex structure on a Lie algebroid A on X is said to be 
integrable if there exists a holomorphic Lie algebroid s$ such that 

(i) A 1 ' ~ £g>o x ^ as sheaves of -modules; 

(ii) under this isomorphism, the bracket of A <g> C restricts to the bracket of stf ; 

(iii) the anchor a: A <g> C — > T% coincides with a on s$ . 
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In this case, we shall call si the holomorphic structure of A. Note that the Lie algebroid 
differentials cLa of A and &a of si are related by 

di°(/®O = /®0 A £ + a*(0/)A£ 

4 1 (/®0 = «*W)Ae 
if / is a smooth function, and £ e A* si*. 

The integrability of an almost complex structure on a Lie algebroid can as usual be 
detected by using a suitable Nijenhuis tensor. One defines an element Na G T(A 2 (A*) <g>A) 

N A (a, p) = {a, /?} + J A { J A a, f3} + {a, J A f3} - {J A a, (5} 

and shows that J a is integrable if and only if Na = 0. 

Assuming that A admits a complex structure si, let VL k ^ = A k si* and denote by the 
differential of the Lie algebroid si . So we have a complex of sheaves on X 

^H^Hni... (4) 

Let d^, d,A be the differentials of the Lie algebroids si and A, and set set Q'^ = A* si*. 
We have an injection Q*^ A* A* <g> C. 

Lemma 3.4. If A admits a holomorphic structure si, then oIa restricts to &a on Q^. 
Proof. If / is a holomorphic function, and a G T(si), 

d A (f)(l ® a) = a{\ ® «)(/) = a(a)(/) = «9 A (/)(a) 
so that the claim is true in degree zero. If £ G r(fi^), then 

d A (l®0(l®«,l®^) = a(a)(£(/9))-a(/3)(£(a)) -£({a,/3}) 

so that the claim is true in degree 1 as well. By the Leibniz formula one concludes. □ 

3.2. The tangential complex of a regular holomorphic Lie algebroid. One says 

that a holomorphic Lie algebroid a : si — > Ox is regular if the anchor a has constant rank 
all over X . In this case the image ^ of si in ©x is an involutive holomorphic subbundle 
of Ox, which is pointwise tangential to a regular holomorphic foliation ? in X. The 
differential 8a of the sheaf complex A* si* restricts to a differential A'3>* — > A' +1 £$*. 
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Proposition 3.5. (i) The kernel of d$: Ox —> 3 1 * is the sheaf of holomorphic 
functions on X that are locally constant along the leaves of J ; 

(ii) the sheaf complex (A'@*,d@) is exact in positive degree; 

(iii) there is an isomorphism H k (X, Oy) ~ H fc (X, A* 2)*) for all k > 0. 

Here H* denotes the hypercohomology functor. 

Proof. Let fi* be the complex obtained by modding out the holomorphic de Rham complex 
(p, x ,d) by the kernel of the adjoint a* of the anchor map. For every k, we call the 
sheaf of foliated holomorphic differential forms on X. There is a "foliated" <9-operator 
dj: £lj — > and it turns out that the adjoint of the anchor establishes an isomorphism 

of complexes (A*@*,d@) ~ (Qj,dj). We can therefore show the exactness of the complex 
(ft^,dgr) (in positive degree). We can also introduce the sheaves fl^ q of smooth ^-foliated 
differential forms on X that are of Hodge type (p,q) (in the usual sense). We have a 
differential dy\ fiy — > 

Now, around every point of X there are holomorphic coordinates (z 1 , . . . , z m , 
y 1 , . . . ,y n ~ m ), where n = dimcX, and m = rkcSt, such that the leaves of J are given 
by y l = const, and the z's are coordinates on the leaves. Since the exactness of the sheaf 
complex (fiy, (9j) is a local matter, we may assume that X = Z x Y, while identifying 
the leaves of J with the complex submanifolds Z x {y} for y 6 Y. Now (z 1 , . . . , z m ) and 
(y 1 , . . . ,y n ~ m ) are local coordinates in Z and Y, respectively. Let us note that in these 
coordinates the sections of are written as 

v = ^i. ^( z > y"> dzh ' A " ■ A dzh 

while a section of Qj 9 is written as 

r = ^ T h, ,i P ,ji,-,j q { z i y) dz iu A • ■ ■ A dz ip A dz jl A ■ ■ • A dz jq . 

Claim (i) now follows. Moreover, it is now easy to show that the natural map f2* — > 
is a resolution. A standard result in homological algebra (see, e.g., [Til Lemma 8.5]) shows 
that the complex f2* is quasi-isomorphic to the complex of smooth complex-valued 3 r - 
foliated differential forms, and as the latter is exact [T5| p. 215], the former is exact (in 
positive degree) as well. 

This show claim (ii). Claim (iii) is a straightforward consequence of the previous ones. 

□ 
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3.3. Representations of Lie algebroids. A representation of a Lie algebroid A A Tm 
on a vector bundle E is a Lie algebroid morphism V: A — > D(E), where T)(E) A M is 
the Atiyah algebroid of E [121 [10]. Therefore, if a, s are sections of A and E, respectively, 
V(a) acts on s; we shall denote by V a s this action. The previous abstract definition means 
that V satisfies the conditions 

V{ a ,/3} = [V a , V/j], cr(V(a)) = a ( a ) . 

When we have a representation of A on i?, we say as usual that E is an A-module. 

One can define a cohomology of the Lie algebroid with coefficients in E by considering 
the twisted complex C\(E) = T(A'A* <g> E*) and defining a differential according to 

p+i 

{5 E Q{ati, • • • , atp+i, s) = ^(-l)^ 1 [a(ai)(£(ai, . . . , Oj, . . . , a p+1 , s)) 

i=i 

- f (ai, . . . , &i, . . . , a p+ i, V av s)] + ^(-l) J+ ^({ai, a,}, a h ...,<%,... , s) (5) 

i<j 

3.4. Matched pairs of Lie algebroids. We need the notion of matched pair of Lie 
algebroids [7J |9j [HI El [6]. We spell out the definition in the case of real algebroids but 
similar constructions may be done in the smooth complex or holomorphic cases. One says 
that A and B are a matched pair if A is a -B-module, B is an A-module, and 

[a(a),b(/3)} = -a(V p a) + &(Vj3), (6) 
V a {/3i, /3 2 } = {V a /?i, /3 2 } + V Q /3 2 } + V V;32 a/3i - V VftQ /3 2 , (7) 
V^{ai, a 2 } = {V^ai, a 2 } + {«i, V,ga 2 } + V Vq2 /3«i - V Vai/ 3a 2 , (8) 

If A, B is are a matched pair of Lie algebroids, the direct sum A © B can be made into 
a a Lie algebroid A ixi B by defining its anchor c as c(a + /3) = a(a) + and a bracket 
as 

{«i + a 2 + /3 2 } = ({ai, a 2 } + Vfttta - V fe oi) + ({ft, /3 2 } + V Ql /3 2 - V Q2 /3i). 

When these conditions are satisfied, we may consider the cohomology of A with coeffi- 
cients in the A-module A'B*, and specularly, the cohomology of B with coefficients in the 
-B-module A* A*. The rather cumbersome conditions ([ME]) may be neatly stated as the 
condition that the two differentials of these complexes anticommute [6]. Thus, in the case 
of a matching pair of Lie algebroids, we get a double complex. Moreover in [5] it is shown 
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that the cohomology of the total complex is isomorphic to the cohomology of the matched 
sum A tx B (with trivial coefficients). 

3.5. Skew-holomorphic Lie algebroids. The authors of [6J show that any holomorphic 
Lie algebroid on a complex manifold X can be matched to the Lie algebroid T x ' , and 
use that fact to develop a cohomological theory for holomorphic Lie algebroids. This 
can be generalized with very little extra cost to study complex Lie algebroids obtained 
by matching a holomorphic Lie algebroid with an anti-holomorphic one. We call this a 
skew-holomorphic structure. Of course this generalizes what happens for the complexified 
tangent bundle Txc- I n this section we develop some elements of the cohomology of this 
class of Lie algebroids. 

Definition 3.6. A complex Lie algebroid A A T% on a complex manifold X is said to 
have a skew-holomorphic structure if 

(i) there is a matched pair of Lie complex algebroids A\, A2 such that A ~ A\ M A^; 

(ii) A\ ~ C°°Cg}^i and A 2 — C 00 ®^ (o>s complex Lie algebroids) for some holomorphic 
Lie algebroids s$\, s^2- 

Note that these conditions imply that the anchors a\, 0*2 

of A u A 2 satisfy a^AJ C T 1,0 X, 

a 2 (A 2 ) C T 0,1 X. 

Remark 3.7. If stf is a holomorphic Lie algebroid, then A\ = C^? Cg>o x and T^' 1 are 
matched, and therefore one gets a complex Lie algebroid A = A\ >a T^' 1 with a skew- 
holomorphic structure. This produces the theory developed [6], which is thus is a special 
case of ours. If in addition srf is the holomorphic tangent bundle Qx, then A is the 
complexified smooth tangent bundle Tjf, and one gets de Rham theory. More generally, 
given a complex Lie algebroid A = A\ tx A 2 with a skew-holomorphic structure, the anchor 
ci2 '■ A2 — > T 0,1 X defines a morphism of complex Lie algebroids A — > A\ IX T 0,l X. This will 
in turn define a morphism if* (Ai tx T°' l X) — > if* (A). A 

4. Local cohomology of skew-holomorphic Lie algebroids 

Let A be a skew-holomorphic Lie algebroid on a complex manifold X, and let us consider 
the sheaves 

X p / = A P A{ <g) A q A* 2 
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with differentials 

d A :X p f^X^, B A : \™ X p f +1 ■ 

Since the complex Lie algebroids A, A 2 are matched, (A*'*, d A , B A ) is a double complex [BJ. 
The following result is easily shown (see also [6J, Proposition 4.6). 

Proposition 4.1. The cohomology of the Lie algebroid A is isomorphic to the cohomology 
of the total complex of the double complex (r(A*'*), d A , B A ). 

Let us denote by stf the sheaf of holomorphic sections of A\. Moreover, we say that A 2 
is transitive if a 2 : A 2 — > T^' 1 is surjective. 

Lemma 4.2. If A has a skew-holomorphic structure, and A 2 is transitive, then ker[A^° -4 

Proof. If / is a function, we have B A (f)(a) = a 2 (a)(f) for all a G T(A^ 1 ); if B A (f) = 
and a 2 is surjective, / is holomorphic. Let /3 = Yli a i ® ft be a section of A^°. We may 
assume that the a, are holomorphic (namely, they are sections of fi^). If B A j3 = then 
X)i a i ® d A fi = which implies that the fa are holomorphic. Then (3 = ^ /jai £g> 1 is a 
section of f2^. □ 

In general, without assuming that A 2 is transitive, let Jtf p = ker[A^° A^ 1 ]. Since 
d A (Q^) = B A (O x ) = 0, and A\ ~ C°° ® &f, we have an injection of complexes Vt"^ — > JT*. 
We may picture the following diagram. 



X 



X k 



fc-i 



A 



fc-1,0 



A 



fc-i,i 



A 



A:.l 



fc+1 



A 



fc+1,0 



A 



fc+1,0 
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Definition 4.3. We say that A satifies the dA-Poincare lemma (dA-Poincare lemma, resp.) 
if for every p the sheaf complex (A^ p , 8a) ((^a'^a), resp.) is exact in positive degree. 

Example 4.4. The complex Lie algebroids of Remark 13.71 satifsfy the c^-Poincare lemma: 
this is just the exactness of the Dolbeault complex twisted by the holomorphic bundle srf '. 
Moreover, in this case A2 is obviously transitive. A 

The following theorem describes the main cohomological features of a complex Lie alge- 
brod with a skew-holomorphic structure. 

Theorem 4.5. If A satifies the dA-Poincare lemma, then 

(i) ( generalized holomorphic de Rham theorem) there is an isomorphism W(X, Jff*) ~ 
H P (A), where H* denotes hypercohomology. 

(ii) (generalized Dolbeault theorem) there are isomorphisms 

H p (X,.J^ q ) ~ H p (T(\Y),d A ) 
where H P (X, J(f q ) denotes sheaf cohomology. 
If moreover A satifies the dA-Poincare lemma, then 

(iii) the sheaf complex (A'A*,cIa) is exact in positive degree (i.e., there is a Poincare 
lemma for the differential cIa),' 

(iv) (generalized de Rham theorem) there is an isomorphism H P (X, J£~°°) ~ H P (A), 
where H P (X, JP°°) is sheaf cohomology, and = ker[C^ ^4 A*] is the sheaf of 
Casimir functions of A; 

(v) the sheaf complex (J^*,9^) is exact in positive degree. 

Finally, if additionally A2 is transitive, 

(vi) there is an isomorphism H P (X,^) ~ H P (A), where & = ker[Ox -4 stf*\ is the 
sheaf of Casimir functions of srf ; 

(vii) if X is Stein, the cohomology groups H P (X,JP) (and therefore the groups H P (A)) 
are isomorphic to the cohomology groups of the complex of global sections ofQ'^. 

Proof, (i) The E\ term of the first spectral sequence of the double complex of sheaves 
(A''*, d A , B A ) is given by 

Ef ~ X* 
Ef' q = forg>0. 
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So the spectral sequence degenerates at the second step, and one has 




for q > 0. 



This, together with Proposition 14. 1[ proves that the composition Jf' X* A ' A* A* is 
a quasi-isomorphism between the complexes (A'A*,d A ) and Since the sheaves AM* 
are fine, this yields point (i). 

Point (ii) follows from the abstract de Rham theorem. 

Point (iii) is obvious. 

This also implies point (iv): A' A* is a (fine) resolution of J^ 00 , so that the abstract de 
Rham theorem yields the claim. Point (v) follows from (iii) and the quasi-isomorphism 

(A*A*,d A ) 

(vi) Since A 2 is transitive we have J(f* ~ Q'^. On the other hand, by (v) the complex 
formed by & in degree zero is quasi-isomorphic to Vt*^. Therefore, 



(vii) Since the complex Q,'^ is a resolution of there is a spectral sequence whose 
second term is E v 2 q = W(HP(X,n,^),d A ), which converges to H\X,&). If X is Stein 
the only nonzero terms in the second term are 

£2 = H«(n^(X),d A ), whence the claim 



Remark 4.6. (i) Note that in points (i) to (v) of Theorem 14.51 we do not need to assume 
that A2 is transitive. 

(ii) If A 2 = T 0,1 X with a 2 = id (see Remark l3TTj) . then ~ f^, and point (i) of 
Theorem 14.51 yields the result in [5] (changing their statement "the cohomology of the 
complex Vt*^ n (which is zero in positive degree) into "the hypercohomology of the complex 



(iii) If furthermore A\ = T 1,0 X, with a x = id, so that A is the complex de Rham 
algebroid, point (ii) of Theorem 14.51 is Dolbeault theorem, point (iv) is de Rham theorem, 



H P (X, &) ~ W(X, Q^) ~ H P (A) . 



follows. 



□ 




and point (i) is the holomorphic de Rham theorem, see [14"] . 



A 
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5. Examples 

5.1. Holomorphic Poisson structures. This example has been already considered in 
[BJ, however we briefly describe it here for the sake of completeness. Let X be a complex 
manifold, and P a holomorphic Poisson tensor, so that the holomorphic cotangent bundle 
Q x with the anchor P: Q x — > Q x is a holomorphic Lie algebroid. As already discussed, 
we can match this algebroid with the Lie algebroid naturally associated to the bundle T x , 
getting a complex Lie algebroid with skew-holomorphic structure A. Theorem 14.51 and 
Lemma [4.21 yield the isomorphisms 

W(X, n) - H p (A), HP(X, f«) ~ HP(T(\Y), B A ) 

where "V° is the sheaf complex of holomorphic multivector fields with the differential given 
by the Poisson tensor P. The first of these isomorphisms describes the relationship between 
the coholomogy of a holomorphic Poisson manifold and the cohomology of the underlying 
smooth Poisson manifold. 

If X is Stein, the hyper cohomology M*(X, Y*) is isomorphic to the cohomology of the 
complex of global sections of Y*. 

5.2. Holomorphic tangential Lichnerowicz-Poisson cohomology. Let P be a reg- 
ular holomorphic Poisson tensor on a complex manifold X (i.e., the rank of the complex 
linear map P x : (Q* x ) x (®x)x does not depend on x). Setting srf = f2^/kerP one gets 
an exact sequence of holomorphic vector bundles 

ker P -»■ Vl x -»■ srf . 

Moreover the bracket defined by P on the local sections of Q x descends to a bracket on 
and one has a morphism a: srf — y Q x . This defines a holomorphic Lie algebroid £/ A Qx 
(this is of course a special case of the situation described in Section 13.21) . We call the 
hypercohomology of the associated complex the holomorphic tangential Lichnerowicz- 
Poisson cohomology. Let A = [G x <g) srf\ txl T x x . Then A satisfies the 9^-Poincare lemma, 
and A2 is transitive. Moreover, by Proposition 13.51 A satisfies the c^-Poincare lemma, so 
that A satisfies all properties required in Theorem 14.51 We have therefore isomorphisms 

W(X, Q^) ~ H P (X, &) ~ H P (A) . 

If X is Stein, these groups also coincide with the groups H V {VL'^{X) 1 8a)- 
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5.3. Skew-holomorphic Poisson structures. Let suppose that on a complex manifold 
X we have two holomorphic Poisson tensors Pi and P 2 . The vector bundles £l\f and fi^ 1 , 
equipped with the brackets given by the Poisson tensor Pi, and the complex conjugate 
Poisson tensor P 2 , respectively, give rise to complex Lie algebroids A\, A 2 , with anchors 
Pi : A\ — > T x '°, P 2 : A 2 — >■ T^ 1 . Each algebroid carries a representation of the other by 
letting 

V a (3 = d Pl{a) {(3), Vpa = d Pm (a) (9) 
if a e Q lfi {X), f3 e Q°^{X). 

Proposition 5.1. The Lie algebroids Ai and A 2 , with the module structures given by 
equation (Q, form a pair of matched Lie algebroids. The matched algebroid A = A\ M A 2 
is a Lie algebroid with skew-holomorphic structure, whose underlying vector bundle is the 
complexified smooth cotangent bundle of X. 

Proof. We need only to show that the matching conditions are satisfied. As we already 
noted, according to Proposition 4.5 of [6], this is tantamount to the commutativity of the 
differential di of the Lie algebroid of A 1 twisted by A*A 2 with the differential d 2 of A 2 
twisted by A* A\. By slightly generalizing the formulas in Proposition 4.25 of [6], we can 
write 

<9i(/i <g) v) = [Pi, /4 ® v + J^(ei A y) ® £ Pl ( e «)f 

i 

where fi G T(AM*) = r(A*T^°), v G T(A'A 2 ) = r(A , T°' 1 ), {a} is a local basis of sections 
of Tx°, {e* 1 } is the dual basis, £ is the Lie derivative, and [ , ] is the Schouten bracket. 
Analogously, we have 

d 2 (n <g> v) = \i ® [P 2 , v\ + L P2 (/")A* ® (/i A *0 

j 

where is a local basis of sections of Ty , and {/**} is the dual basis. Since both 
differentials obey a Leibniz rule, it is enough to verify their commutativity when /x is 
holomorphic, and v is antiholomorphic. We thus obtain 

di(n ® v) = [Pi, /i] <g> f = cfi/i <g> z/ 

where <ii is the differential of the (untwisted) Lichnerowicz- Poisson complex of Pi. Analo- 
gously, 

d 2 {ji ®v)=n® [P 2 , uj = fi ® d 2 f 
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where d 2 is the differential of the Lichnerowicz-Poisson complex of P%. Since d\\i is again 
holomorphic, and d 2 v is again antiholomorphic, we have 

<9i<9 2 (/i ®v)= dxii ® d 2 v = d 2 di(/j, <g> v). 

□ 

This results strengthens the remark already done in [3], where it is noted that the 
Schouten bracket of Pi and P 2 vanishes, i.e., Pi and P 2 satisfy a bihamiltonian condition. 
However, as we discuss in [I] , the matching pair condition is stronger than the bihamilto- 
nian condition, and the former indeed implies the latter. 

In this generality, the skew-holomorphic Lie algebroid A satisfies none of the conditions 
of Theorem 14.51 If the Poisson tensor P 2 is nondegenerate, it establishes a Lie algebroid 
isomorphism P 2 : A 2 — > T% , where Ty is given its standard Lie algebroid structure. Thus 
we recover the example of Section 15.11 

5.4. Skew-holomorphic tangential Poisson structures. We can mix the two previous 
examples considering two regular holomorphic Poisson tensors Pi, P 2 and matching the 
Lie algebroid obtained as in Section 15.21 from Pi with the complex conjugate of the one 
obtained from P 2 . In this way we obtain a situation where the results (i) to (v) of Theorem 
ED hold. 

6. Conclusions and Perspectives 

The theory we have developed in this paper provides generalizations and simplifica- 
tions of known results and their proofs ([6]). Moreover, quite natural applications of the 
cohomology theory we develop in this paper may be found in connection with pairs of 
holomorphic Poisson structures that satisfy some compatibility condition, as it happens 
for holomorphic bihamiltonian system [TJ. One can therefore foresee applications to holo- 
morphic integrable systems. More generally, one could envisage applications to the study 
of complex manifolds equipped with a pair of compatible, possibly singular, holomorphic 
foliations. 

This cohomology theory can be used also to study a deformation theory for complex 
Lie algebroids, and a relation of deformation conditions with the above-mentioned com- 
patibility conditions. Recently an example of this connection was proposed in the paper 
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[2], motivated by some natural questions of Classical Mechanics. Our constructions, and 
their natural generalizations to the "matched" algebroids of [2J, their dual algebroids and 
symplectic realizations of the matched co-algebroids, may provide a useful toolbox and a 
transparent language to study the "internal" deformations and the compatibility conditions 
in the holomorphic case. 
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